STEP Prep Summer School 2014
Question Booklet

This booklet contains 8 questions taken from a selection of STEP I papers. 

In each session you will be given a problem sheet, and it is expected that you will work through the problems from the sheet first. However, once you have tackled some questions you are welcome to take a look at the questions in this booklet too.

On Friday morning you will be working in your mentor group to solve one or two problems of your choice from this booklet. You may wish to take it home after the Summer School and have a go at the questions you didn’t get a chance to look at.
All resources will be available at http://nrich.maths.org/stepprep2014
2003 STEP I q2

[image: image1.png]The first question on an examination paper is:
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Solve for = the equation —=—+—.
r a b

where (in the question) a and b are given non-zero real numbers. One candidate writes = = a+b
as the solution. Show that there are no values of a and b for which this will give the correct
answer.

The next question on the examination paper is:

1 1 1 1
Solve for = the equation —=—+—+—.
r a b ¢

where (in the question) a, b and ¢ are given non-zero numbers. The candidate uses the same
technique, giving the answer as @ = a+b+c . Show that the candidate’s answer will be correct
if and only if a, b and ¢ satisfy at least one of the equations a+b=0,b+c=0o0rc+a=0.





2004 STEP I q5

[image: image2.png]The positive integers can be split into five distinct arithmetic progressions, as shown:
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Write down an expression for the value of the general term in each of the five progressions.
Hence prove that the sum of any term in B and any term in C' is a term in E.

Prove also that the square of every term in B is a term in D). State and prove a similar claim
about the square of every term in C'.

(i) Prove that there are no positive integers = and y such that

22 4+ 5y = 243723

ii) Prove also that there are no positive integers = and y such that

2t + 2y = 26081974




2005 STEP I q1

[image: image3.png]47231 is a five-digit number whose digits sum to 4 +7 +2+ 3 +1=17.

(1) Show that there are 15 five-digit numbers whose digits sum to 43. You should explain
your reasoning clearly.

(i) How many five-digit numbers are there whose digits sum to 397




2003 STEP I q7

[image: image4.png]Let k be an integer satisfying 0 < k < 9. Show that 0 < 10k —k? < 25 and that k(k—1)(k+1)
is divisible by 3.

For each 3-digit number N, where N > 100, let S be the sum of the hundreds digit, the square
of the tens digit and the cube of the units digit. Find the numbers N such that S = N.

[Hint: write N = 100a + 10b + ¢ where a, b and ¢ are the digits of N .]




2006 STEP I q2

[image: image5.png]A small goat is tethered by a rope to a point at ground level on a side of a square barn which
stands in a large horizontal field of grass. The sides of the barn are of length 2a and the rope
is of length 4a. Let A be the area of the grass that the goat can graze. Prove that A < 147a?
and determine the minimum value of A.




2006 STEP I q8

[image: image6.png]L % the area of the base x the height.

Note that the volume of a tetrahedron is equal to 3
The points O, A, B and C have coordinates (0,0,0), (a,0,0), (0,b,0) and (0,0, ¢), respectively,
where a, b and ¢ are positive.

(M)

(ii)  Let angle ACB = 6. Show that

Find, in terms of a, b and ¢, the volume of the tetrahedron OABC.

2

cos=—r————
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and find, in terms of a, b and ¢, the area of triangle ABC.
Hence show that d, the perpendicular distance of the origin from the triangle ABC satisfies
1 1 1 1

2 a2tpta




2001 STEP I q9 (Mechanics)
[image: image7.png]A ship sails at 20 kilometres/hour in a straight line which is, at its closest, 1 kilometre from
a port. A tug-boat with maximum speed 12 kilometres/hour leaves the port and intercepts
the ship, leaving the port at the latest possible time for which the interception is still possible.
How far does the tug-boat travel?




2001 STEP I q12 (Probability)
[image: image8.png]Four students, Arthur, Bertha, Chandra and Delilah, exchange gossip. When Arthur hears
a rumour, he tells it to one of the other three without saying who told it to him. He decides
whom to tell by choosing at random amongst the other three, omitting the ones that he knows
have already heard the rumour. When Bertha, Chandra or Delilah hear a rumour, they behave
in exactly the same way (even if they have already heard it themselves). The rumour stops
being passed round when it is heard by a student who knows that the other three already
have aready heard it.

Arthur starts a rumour and tells it to Chandra. By means of a tree diagram, or otherwise,
show that the probability that Arthur rehears it is 3/4.

Find also the probability that Bertha hears it twice and the probability that Chandra hears
it twice.




